Gas Absorption Accompanied by an

Irreversible Reaction of General Order

The use of idealized models of the fluid mechanics of
the gas absorption process in order to calculate theoreti-
cal predictions of the effect of a simultaneous chemical
reaction upon the rate of gas absorption dates back to
the pioneering work of Hatta (11). The two models
which have been most frequently used are the film-theory
model (23) and the penetration-theory model (12).
More recently, various surface-renewal models have also
been used (5, 7, 8) which differ from the penetration
theory in that they employ different surface age distri-
bution functions. For a review of these theoretical models
and their usc in predicting the effect of a simultaneous
chemical reaction upon the rate of gas absorption the
reader is referred to references 1, 3, 4, 5, 7, 16, 20, 22.
Such theoretical solutions have had an important impact
upon the understanding of mass transfer with simultane-
ous chemical reaction, guiding many experimental in-
vestigations (2, 5, 6, 7, 9, 10, 13, 14, 15, 17, 18, 19, 21).
Indeed comparisons between experimental results and
theoretical predictions have not only been used to check
the applicability of the theory but they have also been
used to infer the kinetics and the mechanisms of very fast
gas-liquid reactions (2, 3, 10, 18, 21).

The type of chemical system which has received the
most attention is that in which a gaseous species dissolves
and then reacts irreversibly with a nonvolatile solute
already present in the liquid phase. For the case of a
second-order chemical reaction between the dissolving
species and the nonvolatile solute, an approximate solu-
tion to the film theory was presented by Van Krevelen
and Hoftijzer (22), and the accuracy of this approximate
solution was demonstrated by Peaceman (15)}. The pene-
tration-theory solution for this case was obtained numeri-
cally by Perry and Pigford (16) for a limited range of
variables and later by Brian, Hurley, and Hasseltine (1)
for a much wider range of variables. It is the purpose of
this paper to generalize this penetration-theory solution
with respect to the order of the chemical kinetic equation.
This generalization will illustrate the effect of the form of
the chemical reaction kinetic equation upon the gas ab-
sorption rate, and it should be especially useful as an aid
to planning experiments for determining reaction kinetics
from absorption rate measurements, as outlined in refer-
ence 10.

THE THEORETICAL MODEL

The problem to be considered is that in which a gase-
ous species A dissolves into the liquid phase

Ae)S Aw (1

and then reacts irreversibly with species B, a nonvolatile
solute which is already present in the liquid phase:

Ay + vBry = products, irreversibly (2)

Tt is assumed that the gas-phase resistance to absorption
is negligible, and thus the concentration of species A at
the gas-liquid interface corresponds to equilibrium with
the partial pressure of species A in the bulk gas phase.
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The chemical reaction depicted by Equation (2) is as-
sumed to proceed in accordance with the kinetic equation

R = kr [A]"[BI™ (8)

in which kr, n, and m are assumed to be constants. The

" penetration-theory model of the liquid flow pattern is

used, and the assumptions of this model are presented in
reference 1.

The problem is described mathematically by two non-
linear partial differential equations

(%)-()
~ — — — (l"b'" (4)
dz* a0

a2b> (c’)b)
4 R— — i — l nlm 5
' <a;2 30 (1/q) ab )
with the following boundary conditions:
At 4 = 0, anyz>0 {Zj_;(i (6)
J a=1
At z=0, any§>0.9
dz (7
a—0
As 2= o0, any § { b=1 (8)

Thesc equations, in dimensionless form, are the same as
those presented in reference 1 except for the exponents n
and m on the right-hand sides of Equations (4) and (5)
and except for the definitions of the dimensionless time
0, the dimensionless distance z, and the concentration
ratio, q.

The desired result is ¢, the ratio of kv to k.®; thus ¢
is a measure of the amount by which the simultaneous
chemical reaction increases the rate of absorption of spe-
cies A. After the differential equations have been solved
to yield @ and b as functions of z and 4, ¢ can be ob-
tained by any one of the following threc equations:

sV h (F) o o
¢=\/;§J‘om[a+q(l—b)]d2’ (10)

¢ = 41_0[];” ads + _f,of a"b"‘dZ'dﬂ’]
(11)

INFINITELY RAPID CHEMICAL REACTION

For given values of r and g the variable ¢ approaches
an asymptotic value at large values of . This asymptote
a is the solution for an infinitely rapid chemical reaction.
The relation between éa, 7, and g has been obtained ana-
lytically by Danckwerts (4) and by Sherwood and Pig-
ford (20). The result may be represented by the para-
metric cquations
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¢a = 1/exf (o)

i L o1V
TN =t (o) exp [ (1 — 1/1)]

and a graphical presentation of this solution is given in
reference 1. When the rate of the chemical reaction is
essentially infinite, relative to diffusion rates, the form of
the reaction kinetic equation will have no effect upon
the solution. Thus Equations (12) apply no matter what
the values of n and m.

(12)

PSEUDO nth-ORDER REACTION

For a given value of 4, as the diffusivity ratio r or the
concentration ratio ¢ is increased, an asymptotic region
will be approached in which the concentration of species
B will vary negligibly throughout the liquid phase. Thus
species A will undergo a pseudo nth -order reaction. In
this region Equation (5) need not be considered, and
Equation (4) can be simplified by setting b equal to

unity:

For the case of n equal to unity this problem has been
solved by Danckwerts (3) and by Sherwood and Pigford
(20), but the problem defies analytical solution for other
values of n. However when the concentration profile of
species A reaches its steady state profile, the problem is
readily solved for any value of n. When one neglects the
time derivative in Equation (13), the steady state con-
centration profile is found to be

a = exp (—z \/:2:) (forn=1) (l4a)

gli-m/el — ] \/ 2 (1—-n)z
n+1 2

(for n==1) (14b)

For values of n less than unity Equation (14b) applies
only for values of z sufficiently small so that the right-
hand side of Equation (14b) is positive. For larger values
of z, a is simply equal to zero. When one differentiates
Equations (14a) and (14b) and uses Equation (9), it is
clear that, at large values of 6§, ¢ will approach the value
given by the following expression

- V(=) (D)o =vm o)

n+1

which applies for any positive value of n. The parameter
M, defined in the second half of Equation (15), is a meas-
ure of the chemical kinetic rate relative to diffusion rates
within the liquid phase. As in reference I it is convenient
to use the penetration-theory equation for physical ab-
sorption

Da
ot
to eliminate the contact time from the definition of M

and express it as

M= (7.%) keDa [B1o™ [A1=1/ (k)2 (17)

kp* =2 (16)

In this form M is expressed in terms not dependent upon
the penetration-theory model.

Equation (15) presents a generalized definition of the
reaction rate parameter M which will make the steady
state portion of the pseudo nth-order curve insensitive
to the value of n. This result had been given previously
(10) without derivation or discussion for the film-theory
solution (in the region of the straight-line portion of the
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Fig. 1. Pseudo nth order reaction.

pseudo nth-order curve the film and the penetration
models converge to the same physical picture). In order
to obtain the complete solution for a pseudo nth-order
chemical reaction Equation (13) was solved numerically
by a finite-difference method similar to that described in
reference 1 on an IBM-7090 digital computer. The results
are presented in Figure 1 as a plot of ¢ vs. /M for three
different values of n. The curve for n = 1 is the analyti-
cal solution (3, 20)

_ 1 _
¢ =\/n0/4 [1 +§5] erf (\/8) + (1/2)exp (—4)
(18)

The curves for n = 0 and n = 3 were computed numeri-
cally in this study. It can be seen in Figure 1 that the
generalized definition of M which causes the various
curves to converge at large values of M renders the com-
plete solution quite insensitive to the value of n. Numeri-
cal solutions were also obtained for values of n = 0.5,
1.5, 2.0, and 2.5. These results were omitted from Figure
1 for clarity, but they all line up between the curve shown
for n = 0 and the curve for n = 3, showing a monotonic
variation with n. The maximum deviation between the
upper and lower curves shown in Figure 1 is only 3%.

The curves for values of n less than unity deserve spe-
cial mention. For values of n less than 1 the numerical
solution to Equation (13) was found to be quite unstable.
This is not at all surprising when one considers the physi-
cal significance of a reaction order less than unity, which
implies that the rate of reaction divided by the concentra-
tion of species A approaches infinity as the concentration
of species A approaches zero. It seems clear that it is
physically unrealistic to assume that a reaction order
could be less than unity and remain so right down to zero
concentration. Such an assumption leads to the unrealistic
branch of Equation (14b) at large values of z referred to
earlier, and it would lead to a similarly unrealistic solution
for the simple case of reaction in a well-mixed tank.
Therefore in order to solve the problem for a value of n
less than unity Equation (13) was replaced by

(5)-(5) - )

(forac=ag=1)
a=[(a)*1]a (for0=a=ac) (20)
In Equation (20) ac is a constant value of the concentra-
tion at which the reaction rate is changed from the nth-
order expression to a linear expression. It was found that
the curve of ¢ vs. \/M, as shown in Figure 1, became in-
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Fig. 2. Solution for r = 1,q = 2.

sensitive to the value chosen for ac when this value was
less than approximately 0.1. This asymptotic solution as
the value of ac was decreased is referred to here as “the
solution for the nth-order reaction,” but it is in reality the
solution for a reaction order which changes from nth-
order to first order at a very low value of the concentra-
tion of species A. The function given by Equation (20)
should not however be thought of as simply a mathemati-
cal trick to render the numerical solution stable. Any
chemical reaction which appears to have a reaction order
less than unity must undoubtedly change over at very
low concentrations to a reaction order greater than or
“equal to unity.

SOLUTION FOR REACTION OF ORDER n + m

Equations (4) and (5) were solved by a finite—differ-
ence method similar to that discussed in reference 1 for
a number of different values of r and ¢ at various com-
binations of n and m. As in the pseudo nth-order case the
problem of a reaction order less than unity was handled
by replacing the term (a"b™) in Equations (4) and (5)
by the term (a B), where « is defined by Equation (20)
and 8 is defined by

B=Dbm (forbcébél)}
8= [(be)™1b (for 0=b=h) (21)

If n were greater than or equal to unity, a. was chosen
as zero. For values of n less than unity ac was made suc-
cessively smaller until the solution became insensitive to
further decreases in ac. Similarly be was set equal to zero
if m was greater than or equal to unity, and for values of
m less than unity bc was made successively smaller until
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Fig. 3. Solution forr = 1, q¢/'= 5.
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the solution became independent of bc. In all cases con-
vergence of the numerical integration was tested by vary-
ing the sizes of the increments in # and z. These conver-
gence tests, plus comparisons with known asymptotes,
lead the author to conclude that the computed results
represent the true solution to the parial differenial equa-
tions within 2%, the error being less than 1% over most
of the range of variables. The computed results agree
with those of reference 1 when n and m are both equal to
unity.
Solution for Equal Diffusivities

When the diffusivity ratio r is equal to unity Equations
(12) reduce to

da=1+g (22)

Figure 2 shows the computed results for r = 1 and g = 2;

thus ¢a is equal to 3. The results are plotted as ¢ vs. \/M
for various combinations of the reaction orders n and m.
The same definition of M which resulted in the pseudo
nth-order curve being so insensitive to the value of n has
been maintained, and it can be seen in Figure 2 that this
results in a remarkable insensitivity of the solution to the
value of n for a given value of m. For example at high
values of \/M the curve for n;m = 3,1 lies within %%
of the curve for n,m = 1,1. These two curves show a
maximum departure from each other of less than 3% at
low values of \/M, where the former curve approaches
the pseudo third-order reaction curve and the latter ap-
proaches the pseudo first-order reaction curve. Figure 2
reveals a similar behavior for the curves with n,m = 13
and 3,3 and for the curves with n,m = 1,2 and 3,2. In
addition to the results shown in Figure 2 solutions were
also obtained for n,m = 3,0; 0,1; 0.5,1; 2,1; 0,3; 0.5,3;
and 2,3. These curves were omitted from Figure 2 for
clarity, but they confirm the insensitivity of the solution to
the value of n as convincingly as do the curves shown in
Figure 2.

Figure 3 presents similar results for r = 1 and g = 5.
As in Figure 2 the curves in Figure 3 can be seen to be
quite insensitive to the value of n at a given value of m.

Figure 4 presents the results obtained for r = 1 and
g = 10. In this graph the curve for n,m = 3,1 agrees with
the curve for nym = 1,1 within less than %% at high
values of /M. The same behavior is found for the curves
for n,m = 3,3 and 1,3. Thus Figures 2, 3, and 4 show
that the insensitivity of the solution to the value of n is
maintained over a wide range of variation in g for a dif-
fusivity ratio of unity.

Although the generalized definition of the relative rate
parameter M has rendered the solution quite insensitive
to the value of n, Figures 2, 3, and 4 show that the solu-
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Fig. 4. Solution forr = 1,q = 10.
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tion varies considerably with the value of m. As \/M is
increased, ¢ approaches its asymptote rapidly as low val-
ues of m and more gradually at higher values of m. This
behavior can be understood most readily by comparing
the curves for n,m = 1,0 and 1,1 (in Figure 3 for ex-
ample). Both of these curves are for a reaction which is
first order in the concentration of species A, but the former
curve is for a reaction which is zero order in the concen-
tration of species B while the latter is for a reaction which
is first order in the concentration of species B. Consider
first the reaction which is first order in species A and zero
order in species B. At § = 0, b is equal to unity through-
out the liquid phase. Then as the liquid is exposed to the
gas b dips below unity at z = 0 because species B is con-
sumed by the chemical reaction near the gas—liquid inter-
face. As @ increases, bi decreases more and more until
finally it reaches zero. However since the reaction order
is zero with respect to the concentration of species B, the
rate of the chemical reaction is not affected by variations
in b until b: reaches zero. Thus species A reacts and dif-
fuses just as it does in the pseudo first-order region up
until the value of ¢ at which b: reaches zero. This be-
havior can be seen in Figure 3 where the curve for n,m =
1,0 can be seen to agree exactly with the pseudo first-
order curve up to a value of \/M = 4.7; this corresponds
to the value of § at which b reaches zero at the gas-liquid
interface. When one turns to the curve for nom = 1,1,
since the reaction rate is first order with respect to the
concentration of species B, it is clear that the reaction rate
near the gas-liquid interface must fall below the value for
a pseudo first-order chemical reaction as soon as the value
of bi dips below unity. Thus the curve for n,m = 1,1 lies
below the pseudo first-order curve for all positive values
of 4. This comparison makes the behavior shown in Fig-
ures 2, 3, and 4 quite understandable; the greater the value
of m the more rapidly the curve falls beneath the pseudo
first-order curve as @ increases and b falls below unity in
the region near the gas-liquid interface.

As mentioned in the preceding paragraph when
n,m = 1,0 the rate of reaction and the rate of absorption
of species A are the same as for a pseudo first-order re-
action until the time at which b; falls to zero. In this re-
gion the problem can be solved analytically, and the re-
sulting expression relating bi to 8 (for r = unity) is

q(1—bi) = exp (— 9/2)[811(8/2) +

(1+ 0)I,(6/2)1—1 (23)
For the curves for n,m = 1,0 shown in Figures 2 and 3
the numerically computed values of bi vs. 8 were found
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to agree very well with. Equation (23) except after b:
had fallen below the value of bc for the particular com-
putation. Figure 5 shows a graphical representation of
Equation (23) in which the left-hand side of Equation
(23) has been plotted vs. \/M instead of 8. For any

value of g the value of \/M at which b: falls to zero can
be readily found from Figure 5.

Empirical Correlation for Equal Diffusivities

The utility of computer solutions to almost any prob-
lem can be enhanced considerably if the results can be
simply correlated, even if the correlation is completely
empirical. Thus the following correlation of the results in
Figures 2, 3, and 4 is offered as an aid to interpolation
and for minor extrapolations:

M) nm. a—1Y?
e =
(\/M) Pseudo nth order Same ¢ tﬁa - qS
where vy=04m forl=m=3
y=023 form=05

The correlation is most readily used by solving for the
value of \/M at a given value of ¢. For example consider
the curve for n,m = 1,2 in Figure 3. The value of g for
this figure is equal to 5, and thus ¢a is equal to 6. At a
value of ¢ = 3 the right-hand side of Equation (24) be-

comes
—_ 0.8
[ 6-1 ] = 1.506
6—3

The value of \/M at which the pseudo first-order curve
reaches a ¢ value of 3 can be found from Figure 1 to be
2.85. Thus when ¢ = 3, the empirical correlation predicts

that \/M for the curve for n,m = 1,2 in Figure 3 will be
(1.506) (2.85) = 4.29

The curve for n,m = 1,2 in Figure 3 shows a value of

/M approximately 1% smaller than 4.29 when the value
of ¢ is 3. The correlation expressed by Equation (24)
correlates all of the results shown in Figures 2, 3, and 4
with a maximum deviation of 3% in the ¢ values except
for the results for m = 0. The correlation is not recom-
mended for values of m less than 0.5, but interpolation of
a graph of v vs. m for values of m between 0.5 and 3
would be expected to give satisfactory results. It should
be emphasized that this correlation is for r equal to unity.

Effect of the Diffusivity Ratio

In comparing curves with different values of r the
method of reference 1 will be followed in which the
curves will be compared not at the same value of ¢ but at
values of ¢ such that the value of ¢a is the same for each
of the curves being compared. For example the upper
three curves in Figure 6 are for n,m = 1,1, and they show
curves for three different combinations of r and ¢, each of
which yields a value of ¢a = 6 according to Equations
(12). These three curves must of course approach the
pseudo first-order curve at low values of \/M, and they
approach an asymptotic value of ¢ equal to 6 at high val-
ues of \/M. The curves for r = 0.1 and r = 10 show a

maximum deviation of approximately 7% at \/M equal
to approximately 5. The lower three curves iri Figure 6
present analogous information for n,m = 1,3. Here the
curves for the different values of r can be seen to deviate
from each other by a greater amount, the maximum devia-
tion being approximately 12%. It should be noted in
Figure 6 that the curve for r = 1 does not lie midway
between the curves for r = 0.1 and r = 10; it is generally
closer to the curve for r = 10. Figure 7 presents a simi-
lar picture for runs with n,m = 3,1 and 3,3. Here the
curves for different values of r show much smaller devia-
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Fig. 6. Effect of the diffusivity ratio, ¢, = 6.
tions from each other, and indeed for n,m = 3,1 the

curves for r = 0.1 and 10 can be seen to cross each other.
This is the only example observed of such curves crossing.
In all other cases studied the curve for r = 0.1 was found
to lie above the curve for r = 10 as in reference 1. Fig-
ure 8 shows the comparisons for n,m = 0,1 and 0,3. A
number of other cases were studied, but these complete
curves will be omitted for brevity. They show the curve
for r = 0.1 above the curve for r = 10, the curves ex-
hibiting a maximum deviation at \/M equal to approxi-
mately 5. Figure 9 shows how this maximum deviation
between the curves for r = 0.1 and r = 10 varies with n
and m, and this figure, together with the solution for r
equal to unity, should permit a fairly close estimation of
the curve for any value of 7 between 0.1 and 10.

COMPLEX REACTION MECHANISM

The results of this study apply when Equation (2)
represents the stoichiometry of the local chemical reac-
tion and Equation (3) represents its kinetics. Of course,
except for some very simple cases such as v = n = m =
1, most chemical reactions will proceed by multistep re-
action mechanisms involving intermediate species, al-
though it may appear that they are well described by
equations such as (2) and (3). Even in such complex
cases it is believed that the results of this study are ap-
plicable except when transient intermediate species are
relatively long-lived and build up to an appreciable con-
centration level sorthat they can diffuse an appreciable dis-
tance between their formation and their consumption.
Some simple examples will make this idea clearer.

Suppose a chemical reaction proceeds according to the
following mechanism, in which each step is second order:
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Fig. 7. Effect of the diffusivity ratio, ¢o = 6.
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A 4 B~ C, irreversibly (25a)
C + B - products, irreversibly (25b)

If the rate of the second step is very fast relative to the
rate of the first step and to diffusion rates, the system will
behave as if it were described by Equations (2) and (3)
withv = 2, n = 1, and m = 1. On the other hand if the
rate of the second step is somewhat slow relative to that
of the first step and to diffusion rates, then the intermedi-
ate species C will build up and diffuse an appreciable dis-
tance before it is consumed by the second reaction step.
In this case Equation (2) will not describe the stoichiom-
etry of the chemical reaction at a point, and the gas ab-
sorption rate will generally not correspond to the present
results with any choice of », n, and m, as was discussed
in reference 10. Indeed in this case ¢ will go through a
maximum as the contact time increases and will approach
its asymptote from above.

As a second example suppose that the solute B poly-
merizes (or dissociates) according to the reversible re-
action

3B=C (Very Fast) (26a)
and that species A reacts only with species C according to
the second-order reaction

A + C - products, irreversibly (26D,

If the equilibrium of the first reaction is such that the equi-
librium ratio of [C] to [B] is very small at the concen-
trations of interest, then the system will behave as if it
were described by Equations (2) and (3) with » = =,
n = 1, and m = 7, and the results of this study will be
applicable as such. On the other hand if the equilibrium
of the first step is such that the equilibrium ratio of [C]
to [B] is near unity, this equilibrium will generally shift
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Fig. 9. Effect of diffusivity ratio correlated with reaction order,
¢a = 6.
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with concentration level, and Equation (2) will not de-
scribe the stoichiometry of the chemical reaction at a
point. Of course if the equilibrium of the first reaction
were shifted completely to the right at all concentrations
of interest, the reaction would appear to be first order in
the apparent concentration of species B.

CONCLUSION

The penetration-theory equations have been solved for
gas absorption accompanied by an irreversible chemical
reaction of general order. A generalized definition of the
relative rate parameter M has been proposed which gives
very simple expression to the straight-line portion of the
curve for a pseudo nth-order reaction. This generalized
definition of M has also been found to render the pseudo
nth-order solution and indeed the general solution for
equal diffusivities quite insensitive to the value of n, the
order of the chemical reaction with respect to the concen-
tration of the absorbing species. The effect of m, the order
of the chemical reaction with respect to the solute com-
ponent, has been shown in a number of example computa-
tions, and an empirical correlation is presented for the
case of equal diffusivities. The curves are not very sensi-
tive to the value of the diffusivity ratio r when compared
at a contant value of the asymptotic solution for an in-
finitely rapid chemical reaction, and a graphical correla-
tion is presented as a means of estimating the effect of r
over the 100 fold range from r = 0.1 to r = 10.
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NOTATION
tA]

It

concentration of species A, the gas being ab-
sorbed, moles/cc.

a = [A)/[A]:

[B] = concentration of species B, the nonvolatile sol-
ute, moles/cc.

b = [B}/[Ble

[C] = concentration of species C, the intermediate
species in Equations (25a) to (26b)

D = liquid-phase diffusivity, sq. cm./sec.

e = 271828 . ..

erf(o) = (2/\/=) f‘; e—v%dy

exp(o) = e”

I5(8/2) = modified Bessel function of the first kind of
order p

kr = reaction rate constant, (cc./mole)ln+m—11/5ec,

ki = liquid-phase absorption coefficient, cm./sec.,
based on average absorption rate for penetra-
tion theory

(%) '
M ( ) 7 § for penetration theory
2
- mpAYn—1 )2 :

( " >kFDA[B]o [Al»~Y/ (k)2 in gen
eral

m = order of the chemical reaction with respect to
the concentration of species B

n = order of the chemical reaction with respect to
the concentration of species A

q = [BJo/v[Al]:

R = chemical reaction rate, (moles of species A re-
acting) /(sec.) (cc.)

r = Dg/Da

t = time, Sec.

= distance into the liquid phase, cm.
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) - x\/ kr[Blom[A]m Tt

. dimensionless distance
< DA

Greek Letters

« = function of ¢ given by Equations (20)

B = function of b given by Equations (21)

v = empirically determined exponent in Equation
(24)

n = stoichiometric factor in Equation (26a)

0 = kr [B]o™ [A]i" ! ¢, dimensionless time

v = stoichiometric coefficient in chemical reaction
Equation (2)

= = 314159 . ..

¢ = parameter in parametric equations

¢ = kn/ki.*

$da = asymptotic value of ¢ at large values of ¢ (or
VM)

Subscripts

A = species A

B = species B

¢ = value at which reaction order changes to first
order, Equations (20) and (21)

(G) = gas phase

i = gas-liquid interface

(L) = liquid phase

0 = in penetration theory the liquid at the start of u
contact time interval

Superscripts

® == physical absorption in which no chemical reac-

tion occurs
= dummy variable in definite integral
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